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Theorems on Cardinal Numbers. 

By A. N. Whitehead. 



In this paper it is proved (*2) that for cardinal numbers (finite or infinite) 
if a < a' and (5 < /?', then a + § <C a' + /?'• It is already known (cf. * 4*37 in 
my article on Cardinal Numbers, in this Journal, Vol. XXIV, 1902) that in this 
case a -f- /3 < a' -+- /3'. Another form of * 2 is *1, which is the most useful 
form for deductions. By the help of * 1 , it is proved ( * 3 and * 4) that if n be 
a finite number and a (as usual) the first infinite number, and if nX/2 = a X/2, 
then /3 = a X(3. It is already known (cf. Zermelo, Gott. Nachricht., 1901) that 
if /? = wX/?, then (3 = a X/? ; and also it is obvious that if (3 = a X/3, then 
^/ = nX/J: then the present theorem completes this set of results. 

Furthermore it is proved (*6) that if a is of the form a Xy [i. e. an Na , 
cf. Cardinal Numbers, *30] and /3<a, then /? + ° =z a implies <y = a. This 
proposition was assumed without proof in my article on Cardinal Numbers 
(cf. * 16*22, for example). It is already known that /? + a = a. 

It will be noticed that a condition attaches itself to the hypothesis of * 1, 
and thence to the hypotheses of the succeeding theorems, namely (stating it 
generally), that any two numbers less than the numbers considered, are such 
that one of them is either greater than, or equal to, or less than the other. I am 
not aware of any proof that one of these relations must hold for any two cardi- 
nal numbers ; but classes of infinite cardinal numbers are known for which this 
condition is true. 

The proofs are written in Peano's notation explained in the article on Cardi- 
nal Numbers, already cited ; except that here C is used for "is contained in," as 
applied to classes, and ) is used for " implies," as applied to propositions, instead 
of 3 for both these ideas. Also, in the proofs where a hypothesis is made to 
hold for the remainder of the proof " constr " for "constructive" is written 
after it. 
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• 1 a,p,a/,P , eNc.a + P = a , + P , ltt<a.v<p.X.*- 

(i>v :}la>a'.\/.p>p', 

[i? 6 1 -^ 1 . « n » = A . « W « = p . «' n «' = A . tt' W »' = f , constr (1) 
iSel-s*l.oCur\pv'.o = vr\pu', constr ( 2) 

|) = (MU«))-((rwff). constr (3) 

R' = R p U SB^SR, constr (4) 

(4) . ) . R' e 1 -* 1 . p' u = p (u — a) \j p (v o pu') , (5) 

(5)O.M'C|l'tt0^c , tt'<Je , M l (6) 

(2) . (6) . 3 : Nc' (u n pv')>Nc' (v n pO-3 -Nc' u'<Nc' u. (7) 

Similarly Nc (v n p w') > iVc' (« n pv') . ) . Nc' v' < Nc'v, (8) 

(7).(8): ( u<a. v</?O m , vP>v :uea.ve(3 .v! e a', w' e ^' : 3 : Prop] , 

• 2 a, /?,«', 3'eNc.a <a' . 8 < 3' I p <a . v< 8 .^^ , • f« < v O • 

<T+0<a' + /3', 
[•lO.Prop.] 

• 3 w , n e JVc fin — 1 . »i > n . 8e Nc'.p <. 8 .v < £ . )„, „ jtt = v : 

(m + n) X /? = a X /3 O • ™ X 3 = a X 3 . 
[•l.Hyp.): m x8+nX(3=a X 8+a X 8.J: 

m X 8>a X 8.\J.n X /3>a X /? , (l) 
/eiVc fin.? X /3>a X /?.}•? X /? = a X /?> ( 2 ) 

m>n.^:nx8 = a x8.^.mx8 = a x8, (3) 

(1). (2). (3). }. Prop], 



• 4 w e iVc fin — i0 . fte Nap < 8 . v < 8 .^^ „.p = v. 

n X 8 = a 
[•3 . 3- Prop.] 



> 

n X 8 =a X 8:^.8 = a x 8. 

> 



• 5 m, ne Nc fin — c . n? o' n . 8 e Nc : p < /? . v < /3 . ) M , „ . ^ = 7> : 

m x /3 = n X 3:^ .8 = a X 8 , 
[mx8 = nX8.^.mx8 = a x3. (l) 

Note : This theorem (1) is given by Zermelo, Gott. Nachrichten, 1901. 

(1).* 4.) -Prop.] 

* 6 a e Na I^a.i'^a.),,, v . p^ v : 3 <C. a . 3 -{- a = a : ~) : a =: a , 

[Hyp./? + ct = a.-y.8 + <r = a -fa, (1) 

(1). •l.(3<a.).«i>a, (2) 

i 8 + <T = aO.<T<a, (3) 
(2). (3) O. Prop.] 

Thinity College, Cambridge, England, January, 1903. 



